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Supplementary Figure 1: Effects of modularity on stability. As Figure 4
in the main text, but showing the entire range of Re(A,1) / Re(Ag ;) values. Note
that the y—axis is the log, of the ratio.
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Supplementary Figure 2: Effects of modularity on stability: C

Supplementary Fig. 1, but for a lower connectance C

0.1.
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Supplementary Figure 3: Effects of modularity on stability: C = 0.4. As
Supplementary Fig. 1, but for a higher connectance C = 0.4.
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Supplementary Figure 4: Effects of modularity on food webs. As Figure 6

)

in the main text, but showing the entire range of Re(Ay,1) / Re(Ag ;) values. Note

that the y—axis is the logy of the ratio.
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Supplementary Figure 5: Effects of modularity on food webs: C' = 0.1.

As Supplementary Fig. 4, but for a lower connectance C

0.1.
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Supplementary Figure 6: Effects of modularity on food webs: C

As Supplementary Fig. 4, but for a higher connectance C

0.4.
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Supplementary Figure 8: Prediction of the spectrum of M. We choose
a parameterization, setting the size S, connectance C, proportion of species in
the first subsystem «, modularity @, and the parameters describing the bivariate
distribution, u, o0 = 1, and p (all reported in the panels). From these parameters,
we can compute Cy, and C,, and then the “effective” parameters py, tp, Ow, Op,
pw, and p, (also reported). From these we can derive analytically the support for
the bulk of the eigenvalues, and the location of the outliers (shaded areas). Our
analysis correctly predicts the actual support of the eigenvalue distribution for
the case of equal-sized subsystems (o = 1/2, top row), perfectly modular systems
(Cp = 0, middle row), and perfectly bipa8rtite matrices (Cy, = 0, bottom row).



Supplementary Notes

In what follows, we present an analytical derivation of the limiting distribu-
tion for the eigenvalues of a block-structured random matrix B. The matrix
as size S xS, and the rows/columns (equivalently, the nodes in the networks)
are assigned a group membership, encoded in the vector 7. We consider the
simple case of only two groups, in which each element ~; € (1,2). The diag-
onal elements of B are all equal, and set to —pu,,. Since the effect of adding
a constant diagonal to a matrix is simply to shift its eigenvalue distribution,
we consider the simplest case of B;; = 0, without loss of generality. The
off-diagonal coefficient of B are random variables satisfying the following:

E[B;;] =0
E[(By)?] = ou  if =1,
E(By)* = 0;  ifvi# (1)
E[B;;Bji| = P02 if v = v;

E[By; Bji] = ooy, if i # ;-

We first derive a closed set of equations describing the spectral distribu-
tion (more precisely, its resolvent, see Section ) for arbitrary values of py,
Ob, Pw, and o,,. We then investigate the cases presented in the main text,
obtaining an explicit solution for the support of the spectrum of B in two
special cases: when the two subsystems have the same size (« = 1/2), and
when interactions only occur between groups (o, = 0).

Prerequisites
Spectral distribution and Hermitian random matrices.

Given a S x S Hermitian random matrix B with eigenvalues \;, the spectral
density is defined as

o(\) = %Z SO =) (@)

In the limit of large S, this quantity converges to a limiting distribution
that, with a slight abuse of notation, we can write as

o) =E (0 (A=X)) - (3)



Our goal is to compute this average over the randomness of the matrix
B. It is useful to introduce the resolvent GG, defined as

G(2) :_%Z&l—z’ (4)

or, in terms of averages as

G(z) :=E (%Tr (B — z)_l) : (5)

It is important to recall that, if B is an Hermitian matrix, then all of
its eigenvalues are real. The resolvent is instead a complex function of the
complex variable z. The resolvent and the spectral density are simply related:
we have

G(z) = / d\ % , (6)

and

o) = — X lim S (G(A +ie) . 1)

T e—0t

Quaternions

Complex numbers are defined by introducing the purely imaginary number
i, with the property > = —1. All the algebraic properties of complex num-
bers descend from this fact (together with associativity, commutativity and
distributive properties). For instance, the sum of two complex numbers is
given by

(a+ib) + (x +iy) = (a+ )+ (b+y)i, (8)
while the product by

(a +ib)(z +iy) = (ax — by) + (bx + ya)i . 9)

If 2 = x + iy, one can introduce the conjugate z = x — 1y so that

122 i= 22 = (z — iy)(z + iy) = 2% + ¢ (10)

10



1

is a real positive number. It is then easy to see that the inverse 2~ can be

written as

1 z
ZT = 11
BE (11)
Complex numbers can be represented as vectors, whose entries correspond
to the real and imaginary part.
Similarly, quaternions can be defined by introducing the symbols ¢, 7, and

k, with the properties

it =2 =k =ijk=—1. (12)

The following multiplication rules hold:

ij=1,jk=1,ki=1,ji=-1,kj=-1,ik=-1. (13)

The main difference between complex numbers and quaternions is that
in the latter multiplication is not commutative: 5 # ji. A quaternion q can
be written as q = a + 0t + ¢j + dk, where a, b, ¢ and d are real numbers.
More conveniently, by using the identity £ = ij, a quaternion can be written
as q = z +wj, where z = a+ bt and w = ¢+ di are complex numbers. Since
7 and j do not commute, it is important to stress that wj # jw. We have
instead wj = jw.

The sum of two quaternions is simply obtained by applying the associative
property

(z+wj)+(a+Bj)=(z+a)+(w+P)j, (14)
while the product can be obtained using the properties of 7, j and k explained
above

(z + wj)(a + Bj) =za+wjBj + 2f) + wja

=za + wpj? + 2B + way (15)
=(za —wP) + (28 + wa)j .
Given a quaternion q = a + bi + ¢j + dk = z + wj (where a, b, ¢ and d
are real numbers, z = a + bi and w = ¢ + di), one can define its conjugate
q=a—bi—cj—dk=2zZ—wj, (16)
so that

11



laf* == da = qq = |2]* + [w]* (17)
is a real positive number. As in the case of complex numbers, the inverse of
a quaternion q is unique (i.e., g7'q = qq~! = 1) and can be written as

-1._ 94

q = R (18)

One can also introduce an element-by-element multiplication, defined as

(z +wj) o (a+ Bj) = za+wphj . (19)

Quaternions can be represented as matrices. In particular one can think
of q = z+ wj as the 2 x 2 matrix

q=<iqj>- (20)

All the properties of sum and multiplication explained above simply fol-
lows from matrix algebra. When representing quaternions as matrices, the
element-by-element product o corresponds to the Hadamard product. The
numbers 7, j and k, when expressed in matrix notation, turn out to be (pro-
portional to) the three Pauli matrices.

Spectral distribution and non-Hermitian random matrices

In the case of non-Hermitian random matrices, the eigenvalues need not to
be real, and in general lay in the complex plane. Writing the eigenvalues as
A = x + yi, the spectral density can be defined as

s
1
o(z,y) = §Z5(9€—3?(A¢))5(y—9(ki)) : (21)
i=1
As we saw above, for Hermitian matrices the eigenvalues are real, while

the resolvent is a complex function. In the non-Hermitian case, the eigenval-
ues are complex, and the resolvent is a quaternion function:

G(q) = %Z N—a) ", (22)

where ¢ is a quaternion.

12



The resolvent can be expressed in terms of the spectral density

mwzfmwm@w@+w—ml. (23)

On the other hand, the spectral density can be easily obtained from the
resolvent

o(z,y) = 1 lim & (EQ(A + ej)) ‘ , (24)

T e—0t oA A=z+iy

where we used the notation

0 170 0
Cavity method for non-Hermitian random matrices

The cavity method was introduced in statistical physics, to solve models
with tree-like interactions [1]. In the context of random matrices [2, 3|, the
cavity method is exact for tree-like matrices and is a good approximation in
the case of sparse matrices. We are, on the other hand, interested in large,
densely connected matrices. Interestingly, for this case of large S and high-
connectivity, the cavity solution is expected to be exact, and it reduces to a
simple set of equations for the resolvent.

A full derivation of the cavity equations can be found in the articles by
Rogers and collaborators [2, 3]. Here we use a slightly different notation
of the cavity equations based on quaternions, rather than Pauli matrices.
The mapping between quaternions and Pauli matrices allows to recover the
original results.

We introduce the resolvent matrix

G=(B-q) ", (26)

where q is the quaternion

a=r+a=(n %) (27)

while B is a 25 x 2S block-matrix with structure

13



_( Bi 0
o= (% 5 ) (25)

Then, the resolvent becomes

G(q) = % D> Giila) (29)

Assuming that B;; has a tree structure (i.e., there are no closed loops),
one can apply the cavity method [3], obtaining the following equations for
the diagonal entries of G

-1

J#
where G is the resolvent of the matrix obtained by removing row and
column 7 from B. This can be expressed as

—1
(k) _ (1)
G =— <q+ Z B;;Gj; sz‘) . (31)
J#ik
Solving iteratively these equations, and using equation 24, one can eval-
uate the spectral density.

Cavity equations for block-structured matrices

When S is large, several important simplifications of equations 30 and 31
occur:

1. At the leading order in S, the right side of equation 30 is identical for
all 7 in the same group, so we may write G;; = G,,.

2. Since S is large, removing a single node i does not change the leading
order behavior of the system, so we can use Gg»lj) = Gy; = G,,. This
implies that equation 30 becomes a closed equation and we do not need
equation 31 anymore.

14



3. We can apply the law of large numbers to approximate the sum in the
right-hand side of equation 30, obtaining therefore, at the leading order
in S

> B,GB; ~E <Z B,;,G, Bﬂ> (32)

JF#uk

Using equation 28 and the matrix representation of quaternions, we obtain

N _( By 0 T By i 0 B iBjiry, BB,
BZ] G'Yijl - ( O B‘” ) < 6’73‘ fryj O BZ] - /B’y] BZ]B]ZF’YJ )
(33)

where we used the notation G, = r, 4+ 3,j. In the case of two blocks, we
have that, for an arbitrary vector with components z,,

E (Z Biszw) = ZE (BZZJ) Ry = Z (5%'yg'aizw +(1 - 5%%‘)‘7132%)
J J

J
(34)
Since we are considering only two blocks, ~; assumes only two values.
When considering v; = 1, we have

<Z sz%) =Sacz +S(1—a)ojz ify=1, (35)

where « is the fraction of elements belonging to the block 1. For v; = 2, we
obtain instead

(Z Bljz%) =S(1 —a)olz + Sacizy  ify=2. (36)

Similarly, by using the expectation value of E (B;;Bj;), we find

E (Z Bz-jBﬁzw> = Sapyopzn + 51 —a)popze  ify=1,  (37)
and

15



E (Z Biijiz,yj> =5(1— a)pwaizQ + Sapagzl ify,=2. (38)
J

Substituting in equation 33, we obtain

N (Z BijGijl) _ E( J ]lT’Y') (Z B B’Yg)

(Z szﬁvj) (Zj By; jz‘%)

. PuwT1 Io . 2 [ Pol2 B2 e
= Sac?, < 3, pr1)+S<1 a)ab( 5 ,0b7”2> ify=1.

By introducing

Y, =80l(py+3j) and Xy = Sop(py+7) , (40)

the previous expression can be written more compactly

E (Z BijG’ijji> = aZw o G’l + (1 — Oé)Eb o G2 if Yi = 1. (41)

J
A similar expression can be obtained in the other case
E (Z Bz’jG'ijji> = (1 — a)Zw @) G'2 + Osz @) G1 if Yi = 2 s (42)
J

where o is the element by element product.
Armed with the calculations and the simplifications explained above,
equation 30 can be reduced to

G1 = —(q+a§]woG1+(1—a)EboG2)71 s (43)

and

G'2 = —(q—l—oszoGl—l—(l—oz)ZwoGg)_l . (44)

16



The resolvent is then given by G = oGy + (1 — a)Gy, and the spectral
density can be obtained from equation 24. As considered above we can use
the general form

Gi=ri+pBJ, Go=ra+Ba2j, (45)

where 71, o, (1, (o are, at least in principle, complex numbers. In practice,
we show that the support of the spectral distribution is defined by the exis-
tence of a solution with real and positive values of 5 and 5. The existence of
such a solution determines the support of the spectral distribution, thereby
bounding the maximum real part of the eigenvalues of B.

Explicit solutions

In the Section above, we considered the general case of B with a block-
structure with two groups and arbitrary «, py, 03, pw, and o,,. In this Section,
we provide an explicit solution for the support of the spectrum of B in two
particular cases.

New case 1, o = 1/2.

If a = 1/2, the right sides of equation 43 and 44 become equal, so that

GlIG’Z::G’:r_'_/Bj, (46)
where G is a solution of
S, 4+ -t
G:—(q+—€;loG> . (47)
It is natural to introduce
— Ew —'I_ 2 ~ ~ .
8= =550 (54 ) (48)

where

2 2
5_2 — Ow + Op ’

2
Multiplying both sides of equation 50 by its right-hand side, we obtain

2 2
PwTy + PuO;,
2 2
Ow T 0y

5= (49)

G(—q—SoG):1, (50)

17



Using equation 46 and 27, and setting ¢ = 0, we obtain

(r+B5) (=X = Sa*(pr + 8j)) =0, (51)

that, after separating the part multiplied by j from the other part, reduces
to two equations

r(=rSpe® —A) + S|pfPe* =1, (52)
and

B(-rSps® — X — Sr5?) =0 . (53)

The spectral density is given by

1 0Or

A) = ——Re—. 54
o(A) = ——Reo= (54)

If B =0, equation 52 reduces to
r(=rSpe® —A) =1. (55)

Taking the derivative of both sides respect to A,

0

% (—2rSps —\) =0, (56)
which implies that Or/0X = 0. The solution 3 = 0 corresponds to values of
A outside the support of the spectral distribution.

If B # 0, equation 53 is solved by

1 T 1y
= — 57
" Sa?( 1+,5+1—ﬁ)’ (57)
and then, from equation 52, we obtain
1 513'2 y2
2= (1- — : 58
151 Sa? ( S(1+p)2e2 S - ,5)262> (58)

Since |3|? is a positive real value, a solution [ # 0 exists only if the right
side of the previous equation is positive, i.e., when
72 y?

S+ Tsa—pper < (59)

18



which corresponds to an ellipse in the complex plane. Outside of these region,
the only solution is § = 0 and the spectral density is null. Inside this region
the spectral density can be obtained from equation 57

lR 8r_ 2 1
T wS(—2)

In the case a = 1/2, the density is therefore constant inside an ellipse
with semi-axes

oA = — (60)

™

rm_\/Tg&(l—l—ﬁ) : Ty:@5(1—ﬁ) : (61)

New case 2, g, = 0.

If 0, = 0, equations 43 and 44 reduce to

Gi=—(q+(1—a)Z,0Gy) ", (62)

and

Gy=—(q+aX,0Gy) ", (63)

which can be written as a single equation for G,

Gi=(—q+(1—a)yo(q+aS0Gy) ) . (64)
We obtain therefore

Gi'=—-q+(1—-a)So(q+aX,0G) ", (65)
and, by introducing

Gl =7+ 6] ) (66>
we get
7 — Bj ) , A+ aSalpyr — aSotBj
TP f(1—a)S _
r]2+ |52 + - a)Soilen+ ) A+ aSapppr|* — |aSai 5|2

Sp2 A + aSolpit — aSolBj

+( )50, A+ aSapyr|? — |aSo2p|?

19



where we already considered the limit ¢ — 0. We obtain two independent
equations

5(;—@1 ) (S0, )=0, (69)

7|2 + | B2 A+ aSoiper|? + |aSaif|?
and
T A\ i(l-a) S0y (3 + aSo2py7) . (69)
7|2 + | B A+ aSaippr|? + |aSo?f|? bPuT) -

As in the case of @ = 1/2, 5 = 0 is always solution. By substituting it in
equation 69, we find that the solution corresponds to a null spectral density.
We can therefore obtain the support of the spectral distribution by studying
the values of A for which a solution 5 # 0 exists. In order to find the spectral
density we consider

; =a(l - ) (Sop)?
lr|2 41812 A+ aSaippr|? + |aSoip|?
together with equation 69. This system of equations can be solved, obtaining
1 2 2 2 2
8P = — ((0* =" 2a* (o +1) = (s +3) + 1)+
202 (p? = 1) (a2 + ¢?)
20 +1)a" + 222 (e —D)p (P = 1) +2 (> + 1) %) +

(70)

(o (ot = 1) = g2+ 2p0% — 2057 + 1) \ (1 — 20)2 (02 — 1)? + At + 82292 + dy'+

+2(p2 1)y — 220 — 1)p (p* — 1) y)
(71)

where we set Sof = 1 and p, = p, in order to simplify the notation. The
general formula can be obtained by substituting in the latter equation x and
and y with x/(v/So}) and y/(v/Soy) respectively. Since the argument of the
square root appearing in equation 71 is always positive, this solution is a
feasible if and only if it is positive. The line |3]|?> = 0 defines the boundary
of the support. By imposing |3]* = 0, after few simplifications, one obtains

0= (0 — 1% + (6 — 1’2" + 20%(p” — 1)+ 24°p(p” — 1)+

220 + 60+ 1)+ (0 — 12 ((a— D +a) (ap2+ (a—1) . D

20



In principle, at this stage we should obtain Gy from equation 63, and
then the support of the spectral density as the union of the regions where
a solution # # 0 exists. On the other hand, we can immediately realize
that Go can be obtained from G under the exchange o — (1 — ). Since
equation 72 is invariant under the exchange o — (1 — ), it already defines
the boundary of the spectral density.

Equation 72 can be simplified by considering the change of variable

(a+1ib) = (v +1iy)* . (73)

When expressed in terms of a and b, equation 72 reduces to

(a=p?(1=p) +0 (140" =(1—a)a(1+0°)" (1=p")", (T4)

which is the equation of an ellipse. The support of the spectral density can
therefore be described as the square root transformation of an ellipse in the
complex plane. After re-introducing the dependence on So,, by using the
transformations a — a/(So?) and b — b/(So?), we obtain the equation of
the ellipse:

(a—Soypp)” (1 — p2)2 +0°5 (1 + p2)2 = (S0})’(1—a)a (1 + p2)2 (1- p2)2 :
(75)

which describes an ellipse centered in (SoZpy, 0), with horizontal semi-axis

So2/(1 —a)a (1 + p?), and vertical semi-axis Soz+/(1 — a)a (1 — p?).
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